The notion of very weak solutions is introduced in this paper in order to solve the boundary value problems for the Laplace operator and for the Lame system with nonsmooth data in polyhedral domains. A continuity theorem is given for variational solutions of the above problems. This result may be used to solve problems with concentrated loads.
Introduction
The problems to be considered in this paper consist of typical elliptic operatorsthe Laplace operator A and the Lame system L on nonsmooth domains and with nonsmooth data, or more precisely, on polyhedral domains and with concentrated loads (the Dirac's measure) even on the boundary, i.e. 
where Q is a polyhedral domain in IR 3 with straight faces I}, j e 91 = {1,..., J}, r D = 5Q\u je9iJV r / and T N = dQ\^> je < nD T J with 9t D uyi N = 9t and 9t D n9^ = 0 , and /, h,f, h may contain the Dirac's measure.
Problems of this kind are often found in physical modelling (even in analysis), where natural domains are often nonsmooth or may be considered as "small perturbations" of some nonregular domains, and sometimes with concentrated loads: forces, thermo-sources, etc. In practice, a concentrated load is generally the idealisation of a load acting on a small area, where one need not determine its distribution, except its total value. In analysis, the concern is with fundamental solutions.
In the literature, many works on boundary value problems are concerned with smooth domains. The classical results can be found, for example, in the paper of Agmon, Douglis and Nirenberg [1] where smooth problems (with both domain and data being smooth) are considered. In [14] Lions and Magenes give some general results on solutions corresponding to smooth and nonsmooth data on smooth domains. In later works, many references may be found on problems with nonsmooth domains, such as the work of Maz'ja and Plamenevskii [16] , Grisvard [7] and Dauge [3] . The emphasis of this work is on the regularity or the singularity of the solutions corresponding to relatively smooth data. In [21] Wildenhain treats elliptic boundary value problems in the space of distributions. But some problems remain to be solved. Problems concerned with concentrated loads (even on the boundary) will be solved in this paper, by the method of transposition, for a bounded polyhedron in R 3 . Similar problems are solved by Lions and Magenes [14] for smooth domains. Instead of using the usual Sobolev spaces as in [14] (which are not suitable for our present case), we use the domain of the operator corresponding to variational solutions. There are two major difficulties in solving our problems: one is the continuity up to the boundary of functions in the domain of the operator corresponding to variational solutions; another is the problem of traces for nonregular functions. There are some works on the continuity of variational solutions corresponding to relatively smooth data on a three-dimensional nonsmooth domain. Stampacchia gave a continuity result of such solutions for a Dirichlet problem in an HJ-domain [20] . Using the potential theory, the present author obtained a continuity result for both Dirichlet and Neumann problems in a Lipschitz domain [6] . (Note that a polyhedron domain is not always Lipschitzian.) In this paper, we give the continuity results for Dirichlet, Neumann and mixed boundary conditions on a polyhedron domain. The full description of the traces of nonregular functions can be found in [4] or [5] .
This paper is organised in two sections, one for the Laplace operator and the other for the Lame system. In each section we first introduce the notion of very weak solutions, then discuss the continuity of variational solutions, the solutions for concentrated loads and the decomposition of very weak solutions.
The case of the Laplace operator
Let Q, r D and T N be as denned in the Introduction. By the variational method (see But this does not cover the case with concentrated loads where we no longer have a solution with finite energy. So we need to introduce the notion of very weak solutions. The idea is to increase the regularity of test functions. 
The following theorem is well known, and it ensures that Definition 2.5 is meaningful. THEOREM To prove the theorem, it is sufficient to verify that the solutions of (2.5) are continuous. The proof is rather constructive. We first transform the Poisson's equation in ( 
the Fourier transform of w with respect to t. Then equation (2.9) becomes
By Lemma 2.12, it is seen that a(-A') contains only non-negative, isolated eigenvalues (see e.g. [10] ), so there exists a /? £ cr(-A') such that 0 < p ^ | . Fixing a = ±(Vl + 4 / ? -l ) , (2.9') then 0 < a ^ 5 and a + a 2 = jS, hence -T 2 + (1 + 2a)it + a + a 2 e p(-A') for all T € R, where p(-A') is the resolvant of -A'. In addition, we have
then we could verify that {::,
Using Plancherel's equality, we conclude that
It is obvious that such a w verifies equation (2.9). The uniqueness follows directly from (2.10).
• LEMMA 2.14. Let D A < be defined by (2.8); then
Proof. Because the property is local, we can estimate in a neighbourhood of a vertex A of G. As the operator A' is intrinsic, one could choose A = {3 = 0}. Taking p = sin 9, at the neighbourhood of A we havẽ
P dp + d<p Hence there exists e > 0 such that S e H 1 + ' ( G ) ; it follows that ueH 1+e (G) . Proof. Let w be the solution of (2.9). Using (2.10) and the inequality of convexity (ref. Proof. Let w e C b (R x G) be the solution of (2.9) with h defined by (2.6') and a. defined by (2.9'). Setting as a is positive, we could verify that and (Au t =f inQ K ,
5a) -r-= 0 for 0 < r < R, coey N . V on Let u be the variational solution of (2.5) and
Then u 2 e ^(QR) and Since -A' is a positive, selfadjoint and anti-compact operator, its spectrum a{-A') contains only non-negative isolated eigenvalues, and the corresponding eigenfunctions form a base in L 2 {G), [ 2 ] . Let <T(-A') = {X k } (0 ^ A t ^ X 2 ^ . . . g 4 ^ . . . , A fc -> oo, as k-* oo) be its spectrum, and <b k ((o) the eigenfunction corresponding to X k , and put By partition of unity, we obtain Theorem 2.11.
• Solution for concentrated loads Existence. Suppose that we have concentrated loads P t on points j = 1,2,..., n t , and concentrated loads <p a on rectifiable curves y x <=:Qur N , a = 1, 2 , . . . , n a ; then / and h will take the following form where 5 Ai and 8 y^ are the Dirac's measures with supports on A t and on y a , respectively. Here the dimension of y a is 1. With the help of Remark 2.10, we can now construct the very weak solution of (PI) with these concentrated loads. The effects of these loads on the field v can be put formally in the following expression: (2.14) , in the sense of (2.13).
For numerical calculation, the more singular the solution is, the less the accuracy. So, in general, using the usual numerical methods to solve the problems with concentrated loads will cause significant error. But, if we know exactly the singular part of the solution, we can transform the problem to a regular one; then we can obtain better accuracy for the numerical calculation. This is the purpose of what follows.
The decomposition of the solution. We shall treat the pointwise concentrated loads and curve supported loads separately. We shall assume that y a are segments in Q\r D . First, let us assume that one of the vertices of Q is at the origin 0 = (0,0,0). We define where r is the spherical coordinate in the radial direction of the spherical coordinate system (r = ( 
where G e = dB(e)nQ.
Proof. As a convention, we use C to denote any constant that does not depend on e.
Since v e £(ft), using the decomposition of the functions of £ 0 ( f t ) m t n e subsection 'The continuity of variational solutions', above, we can obtain that » = r -w ( l o g r » + X C k -r"<'<S> k ((o)+ £ C k • r** t (a>), k = l k>K where 0 < a <; \, x k ^ 0, <b k e £> A , and w 6 H S (R, D^Ay) for s + 2(t -1) = 0, and u(e, a;) > dto-»'z;(0) as e->0.
• Now let (p, q>, z) be the cylindrical coordinate system in IR 3 and let a, b ^ 0 and y = {(0,0, z) | a < z < b} be a segment on an edge of Q which joins a vertex of Q, at the origin 0. Taking a function ^ e L 1^) , we define where ^ is the measure of the angle of this edge. It is easy to see that S 2 is regular outside a neighbourhood of y, and the following lemma holds: LEMMA 
As D is bounded, we have 
It is easy to see that g(<p) ~ O(e)
. Now we shall show that we can replace in the last formula by \j/(z) in the limit case. In fact, as v e C b (Q),
dh dz.
g J -CO
Combining the integrability of (1 + h 2 ) 3/2 over (-co, + oo) and the average convergence of L 1 [18] we can conclude that ase->0. where sin 5, = e-exp(-t). Since weL 2 (IR, D A ') (see Theorem 2.13), using the decomposition of functions in D A ' [7] a simple calculation shows that
where O(5i) is a neighbourhood of {# = i9j} in G, and /i is a positive number such that if <f> <2n or y c:Q then / i < § and if <f> = 2n and y c 3 Q then n can be any number greater than \. So
= #!} n = 3 t } n G)).
Also, (as min{|cos 5,|, |cos 3|} >0) 
J.
dv -dp 
Jy
Proof. We prove the proposition for S 2 , while the proof for S 1 is analogous and easier. by B(p, e) the ball centred at the point p with radius e, and by Z(E, e) the cylinder with radius e whose axis passes through segment E. We assume that {A t } and {Ej} are the set of the vertices and the set of edges of Q such that /<, # 0, A t^f for any i and E s n 0 / is empty for any ; (0/ is the segment with ends 0 and / ) . Then we define 
The case of the Lame system
Now we turn our attention to the Lame system, i.e. (P2) mentioned in the Introduction. In this case the very weak formulation is analogous to that of the Laplace operator. But for the continuity of variational solutions we have no complete result. We are only able to prove the continuity of the solutions near the edges of a polyhedral domain. We shall present the results in the same order as in the previous section.
The very weak solution
Let us use the notation in Section 2 and introduce:
where L is the Lame operator, i.e.
eu(v) = &Ui.j + Uj, t ) (3.3)
and Tv is defined as follows: We have formally (see [ 4 ] or [5] We also have a similar statement to Proposition 2.9. Then we have (see [4, 9, 17] Proof. It can be proved by using the invariant property of the domain Cli and of the Lebesgue's measure with respect to the transition in the z direction. 
So
If we have we could conclude that
7)
In fact from (3.7) one can deduce that 
Solution for concentrated loads
Similarly to what is done in the third subsection of Section 2, we shall shall give some results for concentrated loads, i.e. under certain restrictions, / and A may contain Dirac's measures.
Let REMARK 3.12. In Section 2, we discussed the decomposition of solutions corresponding to concentrated loads. The key point, that allows us to use the fundamental solution to construct the singular solutions on segments and to decompose the solutions, is the fact that the normal derivative of the fundamental solution on any plane passing through the singular point of the fundamental solution is zero except at the singular point. Unfortunately this is not the case when we deal with the Lame system, and in general we do not have ah explicit solution for a polyhedral cone or edge (even locally). So far as the author's knowledge goes, the explicit solutions corresponding to a point load exist only for the whole space and the particular case of a half space. Here is the solution in the whole space [12] : let F=(f 1 
